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Abstract 

We construct loop soups for general Markov processes and show that 
the associated permanental process is equal in distribution to the loop 
soup local time. This is used to establish isomorphism theorems connect- 
ing the local time of the original process with the associated permanental 
process. Further properties of the loop measure are studied. This paper 
does not assume the existence of transition densities. 

1 Introduction 

Let S a be locally compact topological space with a countable base, and con- 
sider a transient Borel right process A = ($7, J^, A t , 6^, -P 1 ) with state space 
S and continuous potential densities u(x, y) with respect to some a-finite 
measure m on S. (We do not assume the existence of transition densities). 
We take the canonical representation of X in which Vt is the set of right 
continuous paths uj in = S U A with A ^ S, with u:(t) = A for all 
t > C = inf{i > \co(t) = A}. A Markovian loop soup for A is a particular 
Poisson point process C with values in Q. When A has continuous paths, C 
consists of loops in S, hence the name loop soup. When the paths of A are 
merely right continuous, it is hard to say what is meant by a loop, but we will 
nevertheless keep the terminology. We hope that by the end of the paper the 
reader will agree that it is appropriate. 
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Our motivation in studying Markovian loop soups is to better understand 
the wonderful and mysterious Isomorphism Theorem of Dynkin, [6l [7], which 
connects the family of local times L = {L^, x € S} of a symmetric process A 
with the Gaussian process G = {G x ,x 6 S} with covariance u(x,y). (When 
A is symmetric, u(x,y) is positive definite.) Actually, in the Isomorphism 
Theorem it is the family of squares of G, that is G 2 = {G 2 ,x G S}, which is 
connected with L. This theorem is not an isomorphism in the usual sense, but 
the connection between L and G 2 is sufficiently tight that it has been used to 
derive many new properties of the local times, as described in [24 i. This is 
why we have called the Isomorphism Theorem wonderful. We call it mysterious 
because it is hard to understand why there should be any connection between 
Markov local times and Gaussian processes. 

Loop soups offer a deep understanding of this connection. Recall that each 
realization of C is a countable collection of paths u € O. Set 

L* = (1.1) 

We call L x the loop soup local time at x. A simple application of the Palm 
formula for Poisson point processes provides a connection, an Isomorphism 
Theorem, between L = {L^^x G S} and L = {L x ,x G S}. Considering the 
definition of L in terms of local times of X this should not be surprising. What 
may be surprising is that when X is symmetric then L = {L x , x € S} has the 
distribution of G 2 = {G 2 ,x € S}\ Furthermore, the definition of (ll.ip of L 
does not require the symmetry of A, so we obtain an Isomorphism Theorem 
for non-symmetric X. 

Recently, in [9, Theorem 3.2] Eisenbaum and Kaspi obtained an Isomor- 
phism Theorem for non-symmetric A, where the role played in the symmetric 
case by the Gaussian squares G 2 is now played by a permanental process. In 
this paper we will see that the loop soup local time L is an a-permanental 
process with kernel u(x,y). 

In 1997, D. Vere- Jones, [29J, introduced the a-permanental process 9 := 
{8 x ,x € S} with kernel u(x,y), which is a real valued positive stochastic 
process with joint distributions that satisfy 

(n \ n 

11^ = E a c(7r) n^i>^0))> ( L2 ) 
j=i / ner n j=l 

for any x , . . . , x n G S, where c(ir) is the number of cycles in the permutation 
7r of [1, n]. In addition by, |29|. p. 128], the moment generating function 
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of Yyj=i z j@Xj nas a non-zero radius of convergence. Consequently, an a- 
permanental process is determined by its moments. It is not hard to show 
that in the symmetric case G 2 /2 = {G^/2,x G S} is an 1/2-permanental 
process with kernel u(x,y), the covariance of G. 

In [S], Eisenbaum and Kaspi were able to show the existence of an a- 
permanental process with kernel u(x, y) whenever u(x, y) is the potential den- 
sity of a transient Markov process X, and use this in their Isomorphism The- 
orem. In [25] their isomorphism is used to obtain a sufficient condition for 
the joint continuity of the local times of X, which, when applied to symmet- 
ric Markov processes, gives the sufficient condition for joint continuity that is 
known to be necessary. 

As mentioned, the loop soup for X is a particular Poisson point process C 
with values in f2. It is characterized by its intensity measure which we take 
to be of the form a/i where a € R\_ and fi is a <r-finite measure on Q called 
the loop measure, which is constructed and studied in Section [2j In Section 
[3] we introduce the loop soup and show that the loop soup local time L is 
an a-permanental process with kernel u(x,y). In the short Section [3] we use 
the Palm formula to prove our Isomorphism Theorem. Further properties of 
the loop measure are derived in Sections [5E These include invariance under 
loop rotation, and the behavior of the loop measure under restriction and 
space-time transformations. 

An important novelty of this paper is that we do not assume the existence 
of transition densities, and consequently do not use bridge measures to define 
the loop measure. Thus our results are quite general. In the short sub-section 
I2.1l we show that when transition densities exist, our definition of loop measure 
agrees with the standard definition using bridge measures. 

Recent work, I17j. uses loop soups for Markov processes with potential 
densities u(x, y) which may be infinite on the diagonal. In this case there are 
no local times and no permanental processes. Rather, loop soups are used to 
prove the existence of permanental fields (indexed by measures rather than 
points in S) and use them to establish Isomorphism Theorems: for continuous 
additive functionals in |16j . and for intersection local times in |17j . We know 
of no way other than using loop soups to prove the existence of permanental 
fields associated with not necessarily symmetric X, and the Isomorphism The- 
orems contain constructs which seem inaccessible without the loop soup. For 
example, in the symmetric case the Isomorphism Theorems contain random 
variables which are not in the associated Gaussian sigma field. Thus we hope 
the reader will view this paper as a gentle introduction to Markovian loop 
soups, which we expect will have further applications in the future. 

Acknowledgements: We would like to thank Yves Le Jan for pointing out 
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the connection between loop soups and isomorphism theorems, see his |X5|, 
Theorem 9]. 



2 The loop measure 

Let S a be locally compact topological space with a countable base. Let 
X = (£l,J r t,X t ,9t,P x ) be a transient Borel right process with state space 
S, and continuous potential densities u(x, y) with respect to some a-finite 
measure monS, That is 



f(X t )dt\=Ju(x,y)f(y)m(dy), Vx G S, (2.1) 

for each non- negative Borel function / : S — > [0, oo). We assume further that 
u(x,y) > for all x,y G 5. Then there is a function (lj, s,y) — > L y s {u)) from 
SI x [0, oo) x S 1 to [0, oo) that is jointly progressively measurable in (w, s) and 
Borel measurable in y, such that for each y E 5, t h- > L\ is a CAF increasing 
only when X is in state y (i.e., a local time at y), and E X (L V 00 ) = u(x,y) for 
all x,y G 5. This follows from the proofs in [24, Section 3.6] if we choose the 
approximate delta functions f e , y (x) used there to be of the form 

f ( x) - fMy,x)) 

where d is a metric for the topology of S, and f e is a continuous function 
supported on [0, e], and define L^(uj) = limin^-^oo J f n -i >y (X s ) ds. (This is 
used to show measurability in y). 

Under our assumption that u(x,y) is continuous, it follows as in the proof 
of \2A\ Lemma 3.4.3], that uniformly in x, u(x,y) as a function of y is locally 
bounded and continuous. This implies that for any /3 > 0, the same is true for 

u p (x, y) := u(x, y)-P I U p (x, dz)u(z, y), (2.3) 



and it follows from the resolvent equation that for each x, u^(x,y) is a den- 
sity for U^(x,dy) with respect to m{dy). It then follows from the resolvent 
equation that for any a, f3 > and all x, y 



u a (x,z)u l3 (z,y)dm(z) = j u l3 (x,z)u a (z,y)dm(z). (2.4) 
Using (|2.3p and the resolvent equation for additive functionals we see that 

u^x,y) = E x ^e~^d t Lyy (2.5) 
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We now show that under our assumptions m is a Radon measure. It 
follows from ()2.5j) and our assumption that u(x, y) > for all x,y € S, that 
also v}(x,y) > for all x,y € S. Let K be a compact subset of S. Then 
it follows from the last paragraph that y \-t is bounded below by a 

constant C = C(x) > for y € K. We then have 

l>U 1 l(x)= / u 1 (x,y)m(dy) > / u 1 (x,y)m(dy) > C ■ m(K). (2.6) 

We may take the canonical representation of X in which f2 is the set of 
right continuous paths uj in = SL) A with A £ S, and is such that w(t) = A 
for alH > C = inf{t > \oj(t) = A}. Then = u(t). We define a a-finite 

measure fx on (H, F) by 

y Fd// = ^P* n™jFok t d t Lf) dm(x), (2.7) 

for all J-"-measurable functions F on f2. Here kt is the killing operator defined 
by ktuj(s) = u(s) if s < t and k t u)(s) = A if s > t. We call fx the loop measure 
of X because, when X has continuous paths, \x is concentrated on the set of 
continuous loops. See also Lemma \2 . 5 1 b elow . Even if X is not assumed to have 
continuous paths we can verify that \i is concentrated on {Xq = X^- , C < °o}- 
To see this, note first of all that since 1{^ =00 } o kt = for each t, it is clear 
from (|2.7p that = oo) = 0. Secondly, by right-continuity of paths, the set 
of times for which Xt-{oS) either fails to exist or exists but is different from 
Xt(oj) is at most countable, for each u £ 0,, [31 IV, Theorem 88D], while Lf 
is continuous in t so that dtLf has no atoms. Hence 



=pi (ri if -«->* Lf ) 



P x \ I -l {x ^ Xt }d t L' t 



o 



t 



where the last equality used the fact that dtLf is supported on {X t = x}. 
As usual, if F is a function, we often write n(F) for J F d\x. 

Lemma 2.1 For any k, and any yi, . . . , y& € S 

V ri L *) = ^2 u (yk^7T(i)) ■ ■ ■u{y 7r (k-2),y7r(k-i))u{y 7r (k-i),yk), (2.9) 
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where Vk-i denotes the set of permutations of [l,k — 1]. When k = 1 this 
means \i {Vg>) = u(yi,yi). 

Proof We will use the fact that (i, x) i— > Lf(u) is an occupation density with 
respect to m: 



for all t > and all non-negative Borel functions /, almost surely. It suffices to 
prove this for / > which are continuous and compactly supported. This case 
follows from the proof of [24, Theorem 3.7.1], with one change. That theorem 
assumed the joint continuity of Lf in order to show that the right hand side 
of (|2.10p . which we denote by At, is a CAF. But this can be seen directly. At 
is obviously monotone increasing in t and constant for t > £. Also, using (|2.6I) 



hence A^ < oo a.s., so that the a.s. continuity of At follows from the continuity 
of Lf in t for each x £ S and the dominated convergence theorem. Finally, 
fix s,t > 0. We have L x s+t {ui) = L x s (uj) + Lf o 6 s (oj) for each i £ S, a.s. in 
a;. Hence by Fubini this holds a.s. in uj for a.e. x 6 S. From the right hand 
side of (|2.10p we then see that a.s. in uj, A s+t (ui) = A s (co) + A t o 8 s (oj), which 
completes the proof that At is a CAF, and hence the proof of (I2.10p . 
Since L^> o k t = L v t 3 we have 




(2.10) 




(2.11) 




(2.12) 
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We have 

:= pX (r\l l[dL v s ] U) d t L?\ (2.13) 



t ^{0<si< - <s fc <t} " x 



p*[f (Tj d t Li) n 

\ J{0<si<-<s fc <oo} c / J=1 



'{0<si<---<s fc <oo} 

where the last line used the additivity of Lf . This can be rewritten as 



/•oo I n ™ 1 \ / />oo -i \ 



(2.14) 

For x,y G 5, we define the measure T Xjy (-) on [0, oo) with cdf: 

r^([0,t]):=^(Lf), (2.15) 
so that for all bounded measurable functions g on [0, oo) 

/OO / /'OO \ 

g(t)T y<x (dt) = py I J g(t)d t L*j. (2.16) 

Using the Markov property, see for example Theorems 28.7 and 22.8 of [26 1, 
and then using (j2~T6|) . we find that (pTCl)) 

= p ° (f (i<„< .<., n ^ (1°° ^ **) 

/■oo / n fc— 1 \ / »c)o i \ 

- pI (f (/»<„<...<„, n <"') Gf^ r — w ) di5w 

Rewriting this we obtain 



oc 



= I p x \ 11 ^ r w (^). 

'{0<si<— <s fe <oo} 6 fc 
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Repeating this procedure we see that 

X ' 1 



r x ,y v(1) (dsi)T y y (ds 2 ) ■ ■ • (2.17) 



{ds k )T y x {dt). 



Let us set ir(k + 1) = k + 1, yt+i = x and s^+i = t. Then we can rewrite 
([2~T3]) and ([2~TTD as 



T 



\\ dL y s ^ dL y s :i k r 



R k + +1 £*S s 3 



s fe+l J{0<s 1 <-<s fc <s fc+1 } • 1 



^(fc+i),y^(i)(^ s i)-^^(i),^(2)(^ ,s 2) 



• ■■ T yM-i)^(kM s k) T yM ) ,y^ k+1) { ds k+i)- (2.18) 



Note that the right hand side is completely symmetric under 'rotations' of 
(yn(i),yn(2),- ■ ■ , V-K(k+i))- This shows that for any I = 1, . . . , k + 1 



Ix,* = P V ^ l) 



( 



\ 



fc+1 



n dL "; (j) dL 

s l J{0<s i+1 < - <s fc <s fc+1 <si - < Si } 



2/tt(1) 



3 = 

5¥* 



Taking Z = 7r 1 (/c) and setting t = si this can be rewritten as 



Xx 7T 



1 J{0<si +1 <— <a fc <a fc+ i<si— <aj_i<t} 



We claim that 



^ ^ ^x,tt — py k 



oo ^ 

7 



fe+1 

\ 1 / 

\ 3& J 



dLf 



) 

(2.19) 
\ 
/ 

(2.20) 
(2.21) 



To see this, write 



(2.22) 
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where Vi,k is the set of permutations ir E Vk with ir(l) = k. Then the basic 
idea in the proof of (|2.2ip is that permutations in Vi k permute the time 
variables associated to the L Vj , j = 1, . . . ,k — 1, see (|2.20p , while the sum over 
I permutes the time variable for L Vk+1 among the other time variables. 
For example, consider the following permutations in V^^: 

m = (1,2,4,3), vr 2 = (2,1,4,3), 7r 3 = (3, 1, 4, 2). (2.23) 

Then the inner integrals in (|2.20p corresponding to ^1,-^2,^3 respectively are: 



7T1 



/ dl%dl%dl% dL% (2.24) 



' {0<S4<S5<Sl<S 2 <t} 



TT'2 



J {0<r-i<rs<ri<r2<t} 

[ dl%dl%dl% dL% (2.25) 

= [ dl%dl%dl% dL x r5 , 

J {0<r3<rs<r2<ri<t} 

[ dl%dl%dl% dL% (2.26) 

J {0<S4<S5<Sl<«2<0 

= f dL v r \dLf 2 dL y r l dL x 5 . 

J {0<r 2 <r 5 <r s <r 1 <t} 

To continue this example let tt^ = (1,4,2,3) E P2 4- Contrast (|2.26p with the 
inner integral in (|2.20p corresponding to 114, 



7T 3 



n 4 : / dl%dU»dl% dL% (2.27) 

J{0<s 3 <s 4 <S5<si<t} 

= j dV> r \ dV> r \ dL y r l dL x 5 . 

In more detail, by (f!T20D 

E x ^ ( 2 - 28 ) 

/ roc 1 rt 

= £ pyJ 



A_iUBi_i 



'0 t JO 
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where the sum runs over all partitions of {1, ... ,1 — 1,1 + 1, ... ,k} into two 
parts, Ak—i, B[_i of cardinality k — I and I — 1 respectively. (|2.2ip now follows 
from this and (pT22j) . 
By (I2T2TT1 



tL^LfckLf ] . (2.29) 



Using the occupation time formula (|2.10p 

/ L x r dm{x) = min(r,C), (2.30) 
Js 



we see from (|2,12j) that 

" (n l - j = pyfc (jf n LV t w j • ( 2 - 31 ) 

To evaluate this, and for later use, we show more generally that for any 
x,y,zi,...zi G S 



v ■= px [ l~U L t jd t L t) ( 2 - 32 ) 



= X] n ( X ' Z T(l)) n ( Z T(l)' Z T(2)) • • •-"(^7r(«-l)^ 7 r(/))^(^7r(/),2/)- 

To see this, note that following (12. 12ft we have 

n£Vi WO J{0<si<-<ai<t} j=1 I 

and as in (|2. 13j) 

Jx,« ■= P X (r I YldL^dtLU (2.34) 

WO J {0<si<-<si<t} - =1 / 



{0<Si<---<S;<°o} 



3= ' 



[°° d t Lf) fl dL 
J»i J j=1 

J i0<ST<---<S,<Oo} __1 
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Then as in (|2.14p and the first line of the display following ()2. 16j) we have 

J*,y = P X \ f E Xs ' (Lie) II dL % U) ) ( 2 - 35 ) 

\J{Q<s 1 <-<s l <oo} - =1 J 

I 



\ J{0<si < - <s,<oo> ■ -, I 



'{0<s 1 <-<s ! <oo} . =1 

It then follows by induction that 

Jx, y = u(x, z n{1) )u(z n{1) , z n{2) )■■■ u(z 7r(i _ 1) , z n( i) )u(z n{k) , y) . (2.36) 

Using (|2.33|) then proves (|2.32|) . Our Lemma then follows from (|2.3ip and 
(I2T32]) . n 

Let Q x ' y denote the measure defined on (f2, J 7 ) by 

Q x ' y (F) = P x QH F o kt d t L\\ , (2.37) 

for all J- measurable functions F on 17. Note that if F s € bJ-® where J® is the 
a-algebra generated by {X r , < r < s} then (1{^> S } F s ) o k t = l{t>s} F s so 
that 

^' y (l{C> S } ^) = P* dttij) = P X (F S u(X s ,y)). (2.38) 

In the proof of the Isomorphism Theorem we will need the following Lemma. 



Lemma 2.2 For any k, x, Xj 6 S, j = 1, . . . , k, and any bounded measurable 
function H on R k we have 

^{L^HiL^-.. ,L%)) = Q*>*(H(L%,... ,1%)). (2.39) 



Proof of Lemma l2.2t Let x, y, Xj G S, j = 1, . . . , A;. S inc6 Lc^ohi — Jj^ 
it follows from (pT3?D that 



(k \ / ^.qo k \ 

j[ LH J = p* ( y o d * L H • ( 2 - 4 °) 



ii 



It then follows from (pT32j) that 

Qx,y [jjL x d = uix^^uix^^x^)) ■ ■ • (2.41) 

■ ■ ■ u(x^ k -i),x^k))u(yir(k),y)- 

Comparing (|2.41|) with y = x and (|2.9p we see that (|2.39p holds for all 
polynomial H. But it is easily seen from (|2.9|) and (|2,4ip that the random 
variables are exponentially integrable both under Q x ' x and (i (L^ •), hence 
finite dimensional distributions are determined by their moments. n 



2.1 Transition densities 

For this subsection only, we assume that Pt(x, dy) <C dm(y) for each t > and 
x 6 S; in other words, Pt(x,dy) has transition densities with respect to m. 
Under this assumption we give an alternate description of the loop measure. 
This is the description found in the literature. Using this description we give a 
simple proof of the fact that the loop measure is invariant under loop rotation. 
A proof of this fact without assuming transition densities is given in Section 
[5j The material in this sub-section will not be used in the following sections 
of the paper. 

Under our assumption that Pt(x,dy) has transition densities with respect 
to m, it follows from [5] that we can find jointly measurable transition densities 
Pt(x,y) with respect to m which satisfy the Chapman-Kolmogorov equation 

p a (x, y)p t (y, z) dm(y) = p s+t {x, z). (2.42) 



Assume that pt(x,y) < oo, for all < t < oo and x,y € S. It then follows as 
in |10j that for all < t < oo and x,y G S, there exists a finite measure Q^' y 
on T t - , of total mass pt(x, y), such that 

Qt' V (Fs) = P x (FsPt-s(X s ,y)) , (2.43) 

for all F s G F s with s < t. In particular, for any < t\ < ■ ■ ■ < t k -i <t k <t 
and bounded Borel measurable functions fi, - ■ ■ , fk 

Pt 1 (.x,y 1 )f 1 (y 1 )p t2 ^ tl (y 1 ,y 2 )f2{y2) ■ ■ ■ 
Pt k -t k - 1 (yk-i,Vk)fk{yk)Pt-t k (yk,y)dm(yx) ■ ■ ■ dm{y k ). 



12 



Lemma 2.3 

fi(F) = [ - f Q x t ' x (F o k t ) dm(x) dt (2.45) 
Jo * Js 

for all T measurable functions F onQ,. 

To prove (|2.45p we first describe the finite dimensional distributions of \i. 

Lemma 2.4 For any < t% < • • • < t k -i < t k < oo and bounded Borel 
measurable functions fi, ■ ■ ■ , fk on S U A with fj(A) = 0, j = 1, . . . , k, 



f[/i(** ; (2.46) 



u' =1 



III l p t 1 {x,dyi)fi{y 1 )P t2 - tl {y 1 ,dy 2 )f2(y2) ■ ■ ■ 
JsJs k Jt k 1 

■ ••Pt k -t h - 1 (yk-udyk)fk(yk)dtT Vk>x ([0,t- t k ])dm(x) 



oo 



, , h(yi)pt 2 -t 1 (yi,y2)f2(y2) ■ ■ ■ 
t k 1 Js k 

■ ■ •Pt k -t k - 1 (yk-i,yk)fk(yk)Pti+t-t k (yk,yi) dm(yx) ■ ■ ■ dm(y k ) dt. 
Proof of Lemma 12.41 Since fj(A) = 0, j = 1, . . . , k, 

k k 

n fj(x tj o ^ = i {tk<t} n fjixtj). (2.47) 

3=1 3=1 
Therefore, by (|2.7p . then the Markov property and then f|2. 16|) 

= f^U^ljlfriXt^dLZj dm(x) 



\3=1 
k 



dm{x) 
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which gives the first equality in (|2.46|) . 

Using transition densities this can be rewritten as 

= / ill Pti( x ,yi)fi(yi)pt 2 -t 1 (yi,y2)f2(y2)--- 
Jt k 1 Js Js k 

■ ■■Vt h -t h _ x (yk-i,yk)fk{yk)Ty kiX {[0, t-t k ]) dm(yi) • • • dm(y k ). 
We show below that 

p tl {x,y 1 )d t Ty ktX {[Q,t-t k ])dm{x) = Pt-tk+tAyk^i) dt. (2.50) 

Applying this to (12.491) gives the second equality in (j2.46j> . 

To prove ()2.50j) . without loss of generality we will take t k = and show 
that for any s > 

/ Pt 1 {x,yx)T yk>x ([Q,s\)dm{x) = / p t+tl (yk,yi)dt. (2.51) 
Js Jo 



But 



/ Ptl (x, yi )T yk , x ([0,s])dm(x) (2.52) 
Js 



>s 

r p tl (x,y 1 )&»> (T dtlA dm(x) 
= J E»* | S p tl (X t ,y 1 )d t Li\ dm{x) 
= E Vk (J j* p tl (X t , yi ) d t L x t dm(x] 
By the occupation time formula we have for any measurable g(t) 



/"SAC, 

g(t) d t L x t dm(x) = / g(t) dt, (2.53) 
Jo 

(it suffices to check this for g(t) = lr 0)T .i(i), in which case (|2.53p is (j2.30|) ) . and 

so hzszd 

= (J\ tl (X t , Vl ) dt \ = j° E Vk (p tl (X t , yi )) dt. (2.54) 
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Using the Chapman-Kolmogorov equation (|2.42p completes the proof of (|2.5ip . 
□ 



Proof of Lemma 12.31 Consider < t\ < ■ ■ ■ < tk-i < ifc < oo and 
bounded Borel measurable functions fi, ■ ■ ■ , fk on S U A with /j(A) = 0, 
j = 1, . . . , k. Using (gaiD and 

J™\J S Qt' X ( (j{ hi**) j o h \ dm(x) dt (2.55) 



i 

t Js k 



dm(x) dt 

Ph (x, yx)fx{yx)pt 2 -t 1 (yi , 2/2)72(2/2) 



• • -Ptk-tk-i (yk-i,yk)fk(yk)Pt-t k (yk, x ) dm(yx) ■ ■ ■ dm(y k ) dm(x) dt. 

Applying the Chapman-Kolmogorov equation (|2.42p for the dm{x) integral 
and comparing with (j2.46p shows that the two measures of ()2.45p have the 
same finite dimensional distributions, and hence are equal. n 

The next result justifies our calling ^ the loop measure even for a process 
with discontinuous paths. This result will be proved in full generality in section 
5. Define the loop rotation p u by 

t s \ = {u( s + u mod CM), ifO<s<CM ( 2 56 ) 

u 1 A, otherwise. 

Here, for two positive numbers a, b we define a mod b = a — mb for the unique 
positive integer m such that < a — mb < b . Set (a)b = a mod b 

Lemma 2.5 fj, is invariant under p u , for any u. 

Proof of Lemma 12.51 Let < t\ < ■ ■ ■ < t^-i < < 00 and let 

fi, ■ ■ ■ , fk be bounded Borel measurable functions on S U A with fj(A) = 0, 
j = 1, . . . , k. Fix some t and u. 
Since fj(A) = 0, j = 1, . . . , k, 

k k 

n fitxti o Pu o kt) = i {tk<t} n Mx (tj+U)t ). (2.57) 

3=1 i=i 
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Set Sj = tj + u. Since < t\ < ■ ■ ■ < t k -\ < t k < t, it is clear that for some i 
and some I 

< si - it < ■ ■ ■ < s k - it < st - (i - l)t . . . < si_t - (i-l)t <t (2.58) 
Therefore, by 

QT \Jlfj(X tj )op u ok t J (2.59) 



= 1 {t k <t} / Psi-it(x,yi)Myi)pt l+1 -ti(yi,yi+i)fi+i(y2)--- 
Js k 

■ ■ ■ Pt k -t h -i(yk-i,yk)fk(yk)pti+t-tk(yk,yi)fi(yi) ■ ■ ■ 

■ ■■Pt l _ 1 -t l _ 2 (yi-2,yi-i)fl-i(yi-i)Pit-s l _ 1 (yi-i,x)dm(yi) ■ ■ ■ dm(y k ). 

Integrating both sides with respect to dm(x) and applying the Chapman- 
Kolmogorov equation (|2,42p we obtain 

j s Qt ,x ( n & ( Xt > ) ° p u ° h ) ^ 2 - 6 °) 



= !{t fe <t} / fi(yi)pt l+1 -t l (yi,yi+i)fi+i(y2) ■ ■ ■ 
Js k 

■ ■ •pt k -t k -i(yk-i,yk)fk(yk)pt 1 +t-t k (yk,yi)fi(yi) • • • 

■ ■■Pti- 1 -ti- 2 (yi-2,yi-l)fl-l(yi-l)Pt l -t l ^ 1 (yi-i,yi)drn(yt) ■ ■ ■ dm{y k ). 
where in the last line we used 

it - si-i + si - it = si - si-i =ti - ti-i. 
Comparing with (j2.46j) we obtain our Lemma. □ 



3 The loop soup 

For any a > 0, let C a be a Poisson point process on Q with intensity measure 
afi. Note that C a is a random variable; each realization of C a is countable 
subset of J7. To be more specific, let 

N(A) := #{C a n A}, ACQ. (3.1) 
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Then for any disjoint measurable subsets A\,..., A n of £1, the random variables 
N(Ai), . . . ,N(A n ), are independent, and N(A) is a Poisson random variable 
with parameter afi(A), i.e. 

P (N(A) = k)= (Mf)) fc e -a/^) (3 2) 

re! 

The Poisson point process C a is called the 'loop soup' of the Markov process 
X. The term 'loop soup' is used in [22], HQ and pH Chapter 9]. In [14] this 
is referred to, less colorfully albeit more descriptively, as Poissonian ensembles 
of Markov loops. See also [28] . 

We define the 'loop soup local time', L x , of X, by 

L*=Y, ( 3 - 3 ) 

Uj£C a 

The next theorem is given for associated Gaussian squares in [15, Theorem 

9]. 

Theorem 3.1 Let X be a transient Borel right process with state space S, as 
described in the beginning of this section, and let u(x,y), x,y € S denote its 
potential density. Let {L x ,x G S} be the loop soup local time of X. Then 
{L x ,x € S}, is an a-permanental process with kernel u(x,y). 

Proof By the master formula for Poisson processes, [18\ (3.6)], 

E (,>:•: ) = exp (a Qf (e^SU'i^M _ ^ d/l(w) ^ . (3 . 4) 

Differentiating each side of (|3.4p with respect to Z\ , . . . , z n and then setting 
zi, . . . , z n equal to zero, we get 

E (fl Z A=t, E off[JnLu), (3.5) 
\i =1 / «=i u» =1 B,=[i,n] i=i Vies, / 

where the second sum is over all partitions B±, . . . , B\ of [1, n]. Using (12. 9p it 
is easily seen that this is 



n 



e \ n 1x3 = e « cW n ( 3 - 6 ) 
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□ 

Let 9 = {9 x ,x G S} be an a-permanental process with kernel u(x,y), 
x,y G S, as considered in Theorem 13. II Clearly, by our loop soup construction, 
9 is infinitely divisible. In [9l Corollary 3.4], Eisenbaum and Kaspi show that 
the Levy measure of {9 x ,x G S} is given by the law of {L^, x G S} under the 
cr-finite measure 

jwQ V,V (3-7) 

for any y G S. However it follows from Theorem 13.11 that the loop measure 
a/i is the Levy measure of {9 x ,x G S}. Therefore 

(C^e S- fj,} ^ {L^xe S; -±rQ y > y }, (3.8) 

-Lino 



for any y G S. This fact is also an immediate consequence of Lemma [27 

4 The Isomorphism Theorem via loop soup 

For our Isomorphism Theorem we will need a special case of the Palm formula 
for Poisson processes C with intensity measure n on a measurable space S, 
see [2j Lemma 2.3]. This says that for any positive function / on S and any 
measurable functional G of C 

E £ ((S^m) = / Ec(G(u'U C))f{u')dn{u'). (4.1) 

Theorem 4.1 (Isomorphism Theorem) For any x, x%, X2, ■ ■ ■ G S and any 

bounded measurable function F on , 

E Ca Q x ' x (F (Z x i + L 8 *)) = ^E Ca (I x f(I x ^ . (4.2) 
(Here we use the notation F(f(xj)) := F(f(x{), f{x?), . . .).) 
Proof We apply the Palm formula with intensity measure afi, 

/M = L» (4.3) 

and 

G{£) = F (2 X A . (4.4) 
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Note that 



Also 



£ = (4-5) 

uiec 



= L*'(C a ) + L**(u'), (4.6) 

so that 

G(J UC a ) = F (2*i (£ a ) + L Xj (a/)) . (4.7) 

Then by flU) 

£ £a (> F ) ) = aE Ca ii (if F (2* + L*> ) ) , (4.8) 
so that our Theorem follows from Lemma l2.2i □ 



5 Invariance under loop rotation 

In subsection 12.11 assuming the existence of transition densities, we gave a 
simple proof of the fact that the loop measure is invariant under loop rotation. 
In this section we give a proof of this fact without assuming transition densities. 
This proof is considerably more complicated. 

Because the lifetime £ is rotation invariant (<^(p v uj) = C( w ) so long as 
C(oj) < oo), the rotation invariance of the loop measure \x is equivalent to that 
of the measure v defined by v(F) := n((F). Since (o^ = (At, recalling 
(1237) we have 



u(F) 



JcFdfi = J^P X (J" - t ((F) o kt dtL*\ dm(x), (5.1) 
= J P x (J F o k t d t L x ^j dm(x) 
Q xx (F) dm{x). 



The measure v is more convenient for the calculations that follow, because 
of the following formula: 
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Lemma 5.1 For a.e. < t\ < ty < ■ ■ ■ < tk, 

u{X tl edyx,..., X tk € dy k , ( £ dt) (5.2) 



i=2 



as measures on the product space S k x (t^,,oo). Furthermore, with ti = 0, 
15. I|) ZioWs for all < t 2 < t 3 < ■ ■ ■ < t k . 

Proof of Lemma I5.lt Using the second line of (|5.ip we see that 

k \ f I r°° \ 

n/,^.)' M = j g P* I n/iW jf dm(x). (5.3) 

Using the Markov property and (|2,5p we see that 

/"OO \ 

n/A) y t e "^ 4 ( 5 - 4 ) 



U' =1 
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Using (|2.16p and then the Markov property as in the previous display 



oo 

e-e% k , yi (dt) (5-5) 



e -pti E y k (> {Xtl , yi 
P^iyk, dz)u p (z,yi) . 
We claim that for a.e. t±, as measures in yi, 

^)pfe W *)=/ P<V^)>A^>*»M. (5.6) 

To see this, it suffices to integrate both sides with respect to e~ atl dt\, use 
(|2.4p with a replaced by a + /?, and the fact that S has a countable base. (It 
is important to note that we allow y& = yi). 
Combining (|5.3j) - (|5.6 j) we obtain for a.e. t% 



flfjiX^e-K] (5 . 7) 



\i =1 



* POO 
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This agrees with what we obtain from the right hand side of f)5 . 2|> : 

/ rn(dy 1 )Y[Pt J -t J - 1 (yj-i,dy j )r ykt y 1 (dt-t k + t 1 ) (5.8) 

JS k x(t k ,co) ._ 2 

' k 

II^(^)e~ 



5 fc 



(dyi)h(yi) JJ Ptj-tj.Avj-iidy^fjiyj) 



3=2 



/ e-^T^C^-ifc + ii) 



^(rfyi ) /i (yi ) n -P*,- -t ,_i (%-i , <%)/j '(yj) 

poo 



This completes the proof of our Lemma when t\ > 0. 

When ti = 0, it follows from (|53 ]) - (j5TI|) . and then fl23|) and (jgZEH) that 



// I wni,Hfe-.,%)/ i w.'h,^(») 

JS 3=2 

h 

/ h{x) \[l> t (ij, :.d ! , j] J J ( llj ) / e-^T yk>x (dt) dm{i 

J S ■ o " tl 



h 

This agrees with (|5.7p for t\ = 0, and the rest of the proof follows as in (|5.8p , 
□ 

As a byproduct of our proof we now show that for any bounded compactly 
supported f\ 

u(fi(X tl )e- K ) <oo, for any ti. (5.10) 



To see this, note that by (|5.3j) - (f57 

v (fi(X tl )e-K) = I J ' P^{x,d yi )h{y x )u^ (y 1)X ) dm(x). (5.11) 
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By (|5.6p . for a.e. t\ this equals 

J U^iVh dz) u P(z, yi )^ f 1 (y 1 )dm(y 1 ). (5.12) 

But as noted in the beginning of the last proof, u@ (z, y\) is bounded, uniformly 
in z for y\ in the compact support of /i(yi). Hence ()5. 12|) is bounded by 



C 



S \JS 



pP( yi , dz)^j h(y x )dm{y x ) < C J ^{yx) dm{y x ) < oo, (5.13) 



where finiteness comes from ()2.6p . This completes the proof of ()5.10p . 
We will also need the following. 

Lemma 5.2 

P s (x, dy) ds = m(d y )T Xty (ds). (5-14) 
Proof of Lemma 15. 2t We have 

T x , y ([0,t])f(y)m(dy) (5.15) 

E? (Lf) f(y) m(dy) = f E x (2& - o 9 t ) f(y) m(dy) 

(u(x,y)-E x (u(X t ,y))) f(y)m(dy) 

P s (x,dy) f{y)ds. 



o 

□ 

Let us define the process X to be the periodic extension of X; that is, 

Y ! Xt -iO if 9C<*< (« + l)C, 9 = 0,1,2,... 
Xt -\X t , ifC = oo (5 ' 16) 

The rotation invariance of [i or v is equivalent to the statement that 

Ufi(Xt j+ r)l {tk <0^ = » \^MX tj )l {tk<c ^j (5.17) 

for all < t% < ■ ■ ■ < tfc and r > and all > continuous with compact 
support. This will follow once we show that the joint distribution of (X, () is 
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invariant under time shifts. That is, if ((Xt+ v )t>o, C) nas the same distribution 
(under v) as {(X t ) t > ,() for all v > 0. 

To prove this we will first show that for all k and all ati, . . . , a k , /? > 



A; 



■/[o,oo)* y J=1 

= / e-^^ F fc (tl,...,t fc )JTdt j . 

■/[0,00)* / = l 

where 

{0<t CT( i)<-<t ff ( fc) } ( 5 - 19 ) 

^/.(i)(^o)n/^)(^)-^a)) e_/3c 

By uniqueness of Laplace transforms, it then follows that 

IT j = Fk{tu . . . jtk) ( 5. 20) 

for Lebesgue a.e. fc-tuple (h, . . . ,t k ) and all j3 > 0, and in particular, for any 
r > 0, 



/" e -E, fc =1 ^% „ n/,(^.)e^ f[ dt 3 (5.21) 

■/[r,oo)* \^ =1 J j=1 

= I e'^U^i F k (t 1 ,...,t k )l[dt j . 

J \r,oo) k ■ 1 



'[r,oo)- j =1 
It follows that for any r > 0, 

e-SJ—^i/lTT/^fr)^!'* 

'[0,oo) fc 



/ e-SJ—iC^) * [Y[f 3 {X tj+ r)e-K ft dt 3 (5.22) 
/ e" E ^ °* +r) F fc (h + r, . . . , t k + r) TT dtj . 

Jf0,oo-) fc 
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But it is easily seen that Fk(ti+r, . . . , t k +r) = F k (ti, . . . , tk) so that, canceling 
the common constant factor e~ ^i =1 aiT , we obtain 

. / fc \ fc 

/ e -T.U«i*t v 11 f 3 (X t]+r )e-K Yl dt 3 (5.23) 

■/[O.oo)* y j=1 J j=1 

= I e-^U^i F k (t 1 ,...,t k )T[dt j , 
■/[o,oq)* fj[ 

and thus comparing with (|5.18|) we have that for each r > 

(k \ k 

f[f J (X tj+r )e-K)f[dt 3 (5.24) 



[0,oo) fc 




It follows that 

v [ll /j(^t j+ r)e-^ j = ^ ./'(AY), , for a.e. i 1; . . . , t k . (5.25) 

This holds for any k, in particular for k = 1, so that using (|5.10p we have 

v f/i(X tl+r )e-^) = i/ (7i(Z tl )e-^) < oo, for a.e. h. (5.26) 



Thus by Fubini we can find a set T C _R + with T c of Lebesgue measure 
such that for all t\ G T we have (|5.26p . and (|5.25p holds for a.e. t2, ■ ■ ■ ,t k - 
Using the boundedness and continuity of the /,• and the right continuity of 
Xf it follows from the Dominated Convergence Theorem that (I5.25P holds 
for all (t\,t2, ...,tk) G T x R^T 1 . Let now f\ )Tl be a sequence of continuous 
functions with compact support with the property that f\ >n t 1- By the 
above, (]5.25p with fi replaced by fi jTl holds for all (ti, t2, ■ ■ ■ , tk) G T n X R^T 1 
for an appropriate T n C i? + with of Lebesgue measure 0. In particular 
T* = n n T n ^ 0, and we can apply the Monotone Convergence Theorem with 
t\ G T* to conclude that 

= A X\fi(X t] )e-A (5.27) 




25 



for all t2, ■ ■ ■ , tfc. Since k is arbitrary this is enough to obtain (|5.17p . 
It remains to prove (|5.18p . It will be convenient to write 

Mf)-= e- at f(X t )dt, /«(/):=/ e- at f(X t )dt. (5.28) 
Jo Jo 

The key observation is that 

Uf) = (5-29) 



for all a > 0. This follows from 

/>oo 

/«(/): = / e- at f(X t )dt (5.30) 
Jo 



£ / e~ at f(X t )dt 

q=0 J( l< 

oo C 

Ee"° 9C / e-« rf /(X t )rft= 7 



Hence, using (15.291) 



/ e -EjU«* „ (Il OiX n ^ (5-31) 
7 Vi=i / j=i 



3=1 



where 



i=i 3=1 / ffeP fe 



:= A I e^U^ JJ / g ^, c J] cfti e"« , (5.32) 

and using (|5.2p 



W=/ e"*/ _- Tm (d yi )/ <y(1) ( Ift ) (5.33) 

Jo<ti<-<t k <t Js k 1- e " w 

1 1 1 p -a aU) t P t 3 -h~i (%•-!. (%•) 

i=2 1 6 

Fy k ,yi\dt — tk + ti) dti ■ ■ ■ dtk- 
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We now make the change of variables r = t\, Sj = tj — tj-i (j = 2, . . . , k), 
s\ = t — tk + 1\ (with accompanying limits of integration < r < s%, Sj > 0) 
and then integrate out r. Writing sj := s% + ■ ■ • + Sj and s := Y^j=i s j> the 
expression in ()5.33p is thereby transformed to 

Jki?) = I e~? s [ ( e-^ + " a >> dr) m(dy 1 )f a{1) (y 1 ) 

J si>0,...,s fc >0 JS k \Jo J 

i Jl e - Q CT (i)^ 

1 _ e -a g(1)5 11 ! _ g-^i ^iW-i. dVj)f<T(j)(Vj) V y k ,yA ds l) ds 2 ' ■ • ^fc 
i=2 

-l 

(1 _ e -(ai+"*afc)*i) 



„-_i / Jsi>0,...,st>0 J5 fc 



1 _ e -« CT (i)S 



11 1 _ e - arTU) - s Ps J (y j -i,dy j ) L(j)(yjWy k , yi (dsi) ds 2 --- ds k . (5.34) 



1 

Using (|5,14p , we can write (|5.34|) as 

M°) = |E a i) / e -/*(l_ e -(«i+-"*)*) 

y j = i / Jsi>o,...,s fe >o 

e - Q CT (i)^- /■ T r 
11 1 _ e -aa(j)S ] sk il m ( d yi)f°(3)(yj) T y3-^yM s i)i ( 5 - 35 ) 

where yo = y k and si := 0. 

We now turn to the right hand side of (|5.18p and try to rewrite it in terms 
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which are similar to the Jfc(cr)'s. Using Y2j=i a jtj = Ylj=i a o-(j)Mj) we have 

R(a u ...,a k ) := j e~^U a ^ F k {h, . . . , t k ) J] dtj (5.36) 

i=i 



e ^ 



CTe p fe ^{0<t CT (i)<---<t CT (fe)} 

fc \ fc 

ri rfi 



i=2 / 7 i 

e -Ej=i" CT (j)*j 

^ fc J{0<ti<-<t fc } 

(fc \ A; 

f a{1) (X )l[f a{j) (X t .- tl )e-K J] eft,, 
i=2 / 3=1 

Let us now fix <r € "Pfc and consider the corresponding term in (|5.36j) 

k / k \ 

[ fle-^dtju \f <1) (X )f[f v w(X ti - il )e-K). (5.37) 

./o<ti<-<i fei=1 y j=2 J 

Changing variables (fx = t\, rj = tj — t\ for j = 2, . . . , k) and integrating out 
ri, this can be rewritten as 

fe \ k ( k 

x>* / n^' )rj *i i ' / CT(1) (x )n/ CT(i) (x r .) e -^ 

v i=l / ' y 0<^<-<^i=2 \ i= 2 

(5.38) 

Summing first over all permutations a € Vk with cr(l) = i and then over i 
we obtain 

R(a 1 ,...,a k )= \ J2 a i) E ^(/i(^o)n 7 ^(/i)- e ^ C )- ( 5 - 39 ) 
Using (|5.29p we can express this as 

#(«!,...,«*) = (jt *! E ^^(^o)n /°; ( ^ c -e-^j . (5.40) 
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Using Lemma 15. II we then see that 



where 



R(a u ...,a k ) = K M) (5-41) 

a'ev k 



K k (a'):= f>i / e-f* f m(d yi )f a , {1) ( Vl ) 

\j=l I Jo<t 2 <-<t k <t Js k 

k 
i=2 



1 _ e ""-'0) 



— t Y Vkm (dt - t k ) dt 2 • • • dt k , (5.42) 



with the convention that t\ = 0. Once more making the change of variables 
s\ =t — tfc, S2 = t2, Sj = tj — tj-i for j = 3, . . . , k, (|5.42p becomes 



-i 



**(0=(X>i) / e_/3s "/ rn{d yi )f a , {1) { yi ) (5.43) 

\ =1 / J Sl >0,...,s fc >0 i5 fc 



i=2 

Using (|5.14p again, we can write f)5.43j) as 



Va 3 / e"' 35 / m{dy x )f a , {1) { yi ) (5.44) 

i=1 / V Sl >0,...,s fc >0 



11 m{dy j )T yj _ ltV .{d8 j ) i _ e - ag/( . )8 J /a'(i)(yi) 

r yfc,^i(^ s i) • • • ds fc 

vi=1 y ^si>o,..., Sfe >o J5 fe i=1 

r W -l,W (dSj)fa'{j) (Vj ) 1 _ e -a g<(j) 5 > ( 5 - 45 ) 
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where cr'(O) = cr'(k), and §\ = 0. We reorganize this as 

K k (a')=\J2a j ) [ e~/»(l - e^W) 

\ J= l / Jsi>0,...,s fc >0 

111 — =^v^ / ll m w)^'(j)w) r %-l.%( ds i)- ( 5 - 46 ) 

j=l 1 - e (J) j=l 

In view of (|5.3ip and (|5.4ip . to prove (|5. 18|) we need to show that 
and to this end it suffices to show that for each a* £ Vk 

where <r ~ a* means that a is a 'rotation' of cr*. In other words, for some 
1 < I < k we have 

(a(l),a(2),...,a(k)) = (a*(l),a*(l + l),...,a*(k),a*(l),...,a*(l-l)). 

Comparing ()5.35j) and (|5.46p with a' = a we see that the only difference 
is the presence of e~( ai+ '" Qfc ) Sl in (|5.35p while in (|5.46p . with a' = a, this is 
replaced by e~ aa{1 *> s . Thus to prove (|5.48p it suffices to show that 

e -0* e -(«i+-«k)«i (5.49) 

si>0,...,s & >0 

j=i s j=i 

e -{3s e -a a , (1) s 

si>0,...,s ft >0 

11 1 _ -°„>u) s / fc ll m ( d w)/^W)w) r » J -- 1 *( <fa i) 
i=i • / s ' ./ : 

whenever (o-'(l), a' (2), . . . , a'(k)) = (a(k), <r(l), . . . , a(k - 1)). 
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Note that 



M a ,(d Sl ,...,ds k ) := / Ylm{dy j )f a/ij) {y j )Ty j _ u y j (ds j ) (5.50) 
Jsk j=i 

= J fa'(l)(yi)^y k ,yi(ds 1 )f a , { 2){y2)Ty lt y 2 (ds 2 ) ■ ■ ■ 

k 

yk-i,Uk 

(ds k ) Y[m(dyj) 

3=1 

= / fa(k){yi)^y k ,y 1 (ds 1 )f a{l) (y2)T yii y 2 (ds 2 )--- 
J s k 

k 

yk-i,Vk 

3=1 

and relabeling the y^s this is 

= / /<7(fc)(?/fc) r y fc -i,y fc (rf s i)/ ( T(i)(yi)rj /fc ,j /1 (ds2)--- (5.51) 
J s k 

k 

■ ■ ■ fa{k-i){yk-i)^ yk ^, yk .Adsk)\{rn{dy j ) 

3=1 

= / Y[ m (dyj)faU)(yj) r yj -i, yj (dsj + i) = M a (ds2,...,ds k ,ds 1 ), 

JSk 3=1 

where s k +i = s\. Furthermore, (recall that s\ = 0), 

k 

(x<T'q)S + y* J a <r'U)Sj (5-52) 

3=2 

3=2 \ 1=2 J 

k-1 \ 
= Oi a{k) s + ^2 a a(i) I ^2 si j 

i=l \/=2 / 

k-1 / i \ k / i \ 

= a<r(fc)(si H h Sfe) + ^ a CT (j) ^ s m = ^ a CT(i) ^ s m . 



i=i \/=i / i=i \i=i 
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But also, using Ylj=i a j = Ej=i a <r(j), 



3 



(ai H a k )si + ^2 u a (j)Sj = ^ a^') ( ^ s t J . (5.53) 

j=2 j=l \i=i J 

Combining (|5,50p - (|5.53p . we see that f|5.49[) is the claim that 

k f j 



f e -^-exp -E«-o)(E s ( 5 - 54 ) 

11 - 11 1 j=i V; : / / 

k x 

/ e - ^ ex P ( " Yl a -0) fe 

Jsi>0,...,s fc >0 \ ,_ 1 \ 



j=l \Z=1 



IT ; -a ,,.^ ^(^2, • • • , cfefc, dsi) 

J- J- I _ e " CT '(j) s 



where s^+i = si, and this claim follows immediately from the relabeling 
(si, . . . , Sfe) — > (s2, . . . , Sfc, si). This establishes (|5.49j) and hence (|5,47p , □ 



6 The restriction property 

Let B C 5 be open and set 

T B c = ml{t > |, X t e B c }. (6.1) 

Let 

^H = (f tM [f l <TBC (6-2) 

[A otherwise. 

Clearly, 1 1— >■ Xt is right continuous. With 

P t /(x) = ^'(/(X t )l {t<Tsc} ), (6.3) 

and 

w = ( a H [ \1 <Tbc(uj) (m 

I A otherwise, 
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we show in [Ml Section 4.5] that X = (U, Q u g,X t ,6 u P x ) is a Borel right 
process with state space B and potential densities 

u(x,y) = u(x,y) - E x (u(X TB ,y)), x,y G B, (6.5) 

with respect to the measure m(dx) restricted to B. It follows as before that 
uniformly in x, u(x, y) is locally bounded and continuous in y. 

Let {Lf , (x,t) 6 S x be the family of local times for X used in the 
construction of fi. Set Lf = Lf ATgc for x G £>. It is easy to see that Lf is a 

CAF for X and 



£*(L^J = ^(^ flC J (6.6) 
= £*(^)-£*(L^o0 Tbc ) 
= u(x,y) - E x (u(X TB ,y)) =u(x,y). 

It follows that {^f, (x, t) & B x R + } are local times for X. We can then define 
the loop measure Jl for X by the formula 

jFdJi= J P X yj o jFok t d t L x \ dm(x). (6.7) 

(In our definition (|2.7p of we assumed that X had continuous potential 
densities. We do not know if u(x, y) is continuous in x. However, the continuity 
of u(x, y) was only used to guarantee a nice family of local times for X, and 
by the above this is inherited by (x,t) G B x 

Theorem 6.1 (The Restriction Property) 

fjt(F;T B c = oo)= J1(F). (6.8) 
Note that B c = S — B does not contain A. 

Proof of Theorem I6.lt It suffices to prove this for F of the form 
Hj=ifj{X tj ) with ti < ■■■ < t n . Since /fc(A) = 0, and l{T flC =oo} ° h = 
l{i<T sc } we have 

k k 

i{T flC =oo } ° h n f^xt.) o k t = i {tk<t <T BC} n ( 6 - 9 ) 

3=1 3=1 
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Hence 

A- 

f 1 



J[f j {X tj y,T B o = ooj (6.10) 
= L PX (/ T " \ j[ f l( Xt * )dL *J dm{x) 

But this is clearly 

jf ^ fn/i^)^ ir~t dtZu *) ) dm(x) (6 - n) 



dm(x). 



which is precisely what we obtain from fi (Ilj=i fji-^-tj)) by proceeding as in 

dsma>- □ 



7 Transformations of the loop measure 
7.1 Mappings of the state space 

Let S be another locally compact topological space with a countable base, and 
let / : 5 i— > S be a topological isomorphism. Then 

P t (x,g)=P t (r 1 (x),gof). (7.1) 

forms a Borel transition semigroup on S. Let be the set of right continuous 
paths oj in = S U A with A ^ 5, and such that = A for all t > ( = 
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inf{t > \u(t) = A}. Then with X t (u) = u{t) it follows from [261 Section 13] 
that X = (£1, J~t, Xt, 6t, P x ) is a Borel right process. Furthermore, 

poo poo 

U(x,g) = / P t (x,g)dt = / P t (r 1 (x),gof)dt (7.2) 

J •/ 

u(f~ 1 (x),y)g ° f(y) dm(y) 

Thus X has continuous potential densities u(x,y) = u(f~ 1 (x),f~ 1 (y)) with 
respect to the measure /*m. 

If we let / : O I— ^ O be defined as f(ui)(t) = f(u(t)), it follows that 

p*(F) = pf~ 1 ^ (Fof) . (7.3) 
Note further that L v t = L f t ~ 1{y) o J" 1 is a CAF for X with 

P* (Z*,) = P'^ = uCT 1 ^),/-^)) = (7-4) 

so that {Lf , (y, t) € S' x P + } are local times for X. Let // be the loop measure 
for X. 

Theorem 7.1 

U(F) = fl(F). (7.5) 

Proof of Theorem I7.lt 

A (P) = ^ P* (^°° \ F °h d t Lf) dfMx) (7.6) 
= j pf 1 ® (J °° jFok t of d t Lf 1{x) ^j fcm(x) 

= J P x °° ifofcto/ d t Lf J dm(x) 
= »{Fof)=f^(F). 

□ 
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7.2 Unit Weights 

We say that a random variable T > is a unit weight if 

K 



T o p u du = 1. (7-7) 



o 



Of course, since £ is invariant under loop rotation, l/£ is an example of a unit 
weight. 

Note that by (HOT)) it follows that 



fjt(F) = J^Q X ' X (^F\ dm(x). 



(7.8) 



Let Z p (X) be the collection of measurable functions on f2 which are invari- 
ant under loop rotation. 

Lemma 7.1 If T is a unit weight then for all F £ T p (X) 

H(F)= [ Q X > X (TF) dm(x). (7.9) 
Js 

Proof: By invariance of p we have that for each u and F € Z p (X) 

p J (Top u F) = p{TF). (7.10) 
Since £ is invariant under loop rotation, this implies that for any u 

H(T o Pu 1 {U<C} F) = p{T 1 {U<C} F). (7.11) 

Hence 

/*oo /*oo 

/ p{T o Pu \ [u<( - } F)du= l p(T l {u<(} F) du. (7.12) 
Jo Jo 

This shows that 

fiN Top u duF\ =y.(TF J l {u <t}du) =n(TFQ. (7.13) 
Using (|7.7p and (|7.8p our Lemma follows. □ 
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7.3 Time change by the inverse of a CAF 

Consider 

A t = f L x dv A (x) (7.14) 



- X 

'S 

where va is a Borel measure on S. We suppose that P x (A t = oo,t < £) = 
for all x G S and t > 0. (This is the case, for instance, if ua{K) < oo for each 
compact K C S.) By the argument at the beginning of the proof of Lemma 
12.11 (I7.14j) defines a CAF of X. Let Sa denote the fine support of A; that is, 
the set of x G S such that P X (R = 0) = 1 where R = inf{t > | A t > 0}, see 
[261 Section 64]. Because m is a reference measure and v(x) := E x (exp(— R)) 
is a 1-excessive function, Sa = {x G 5 : v(x) = 1} is a Borel subset of S 1 ; see 
[D Prop. V(1.4)]. 

Let Tt be the right continuous inverse of At, and let Yj = X Tt . Then 
y = (O, Qt, Yt, 0t, P x ) is a Borel right process with state space Sa and lifetime 
see [261 Theorem 65.9] for details, noting that [261 (60.4)] applied to 
exp(— At) allows us to assume that A is a perfect CAF. Here Qt(oS) = 9 Tt ^(uj). 
Using the change of variables formula, [H Chapter 6, (55.1)], we see that 

Ex {r nYt)dt ) = ex ir f ^ dt ) (7-i5) 

= e*( f A< f{x Tt ),n 







E x (J™f{X s )dA)j 
u(x,y)f(y)u A (dy), 



so that Y t has continuous potential densities u(x, y) with respect to the mea- 
sure UA{dy) on Sa- (In the last step we used the fact that for any measurable 
function h s , we have J °° h s dA s = f (J^°h s dL^) i>A(dy). It suffices to verify 
this for functions of the form h s = lr 0) t](s), in which case it is obvious). Fur- 
thermore, since Sa is the fine support of A, L x t is continuous in t for each 
x G Sa, see [HI p. 1659]. It follows that {L x t , (x,t) G Sa x R+} is the family 
of local times for Y. See [26, Theorem 65.6] for additivity. 

It will be convenient to use the canonical notation X' = (Q, T[, X[, 0t, P' x ) 
for Y. Thus X' t {oj) = oj{t), which is the same as Xt(uj), but we use the 
notation X[ to emphasize that it is associated with the measures P' x . If we 
set g(uj)(t) = u}(rt(u})) we have Y t = X' t o g and 

P' x (F) = P x {F o g) . (7.16) 
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By the above {L'f := Lf o g, (x, t) S Sa x is the family of local times for 
X'. Using [261 (62.20)], compare (EOHl) . we see that if ti < • • • < t n , 



H-Q"-" [Ufji^i ) I = Q X ' X [Ilfj{ X ^)j (7-17) 

(n 

Let be the measure in (|2.37p associated with X'. Using ([2.380 and the 

fact that X' also has potential densities u(x, y) we have that if x 6 



This shows that for all measurable F 

^Q*.* (F) = Q'^ (F) , Vx e S A . (7.18) 

Before considering general z^i's, we first study the special case where the 
measure va is equivalent to m. Thus 1/4 (dx) = h(x)m{dx) where /i is a 
measurable function on S with < h(x) < 00 for all x. It follows from ([2. 101) 
that 

At = I h{X s ) ds, (7.19) 
J 

and thus 5,4 = S. Let /i, // be the loop measures for X, X' respectively. 

Theorem 7.2 If VA(dx) = h{x)m(dx) where h is a measurable function on S 
with < h{x) < 00 for all x, then 

(F) = y! (F) , VF G X p (X') . (7.20) 

Proof of Theorem I7.2t Define the unit weight 

m/ s /iMO)) 

™ = W' (7 - 21) 
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By CLS} we have n (F) = J s Q x > x (T F) m(dx) for all F G l p (X). It is easy 
to see that F G X p (X') implies that F o g G Z p (X). Noting that ^ = (05, 
and using (|7.18p 

g*li{F) = ^(Fog) (7.22) 

= / Q x ' x (T Fog) m{dx) 
Js 

= I Q x ' x ( 7~ — F o g] h(x) m(dx) 

Js \(°g ) 

= j Q' x > x Q f) h{x) m{dx) = n' (F) . 

The last equality used (j7.8j) and the fact that 1/4 (dx) = h{x)m{dx). □ 

We next show how to combine Theorems 17.11 and 17.21 Let S' be another 
locally compact topological space with a countable base, and let / : S i->- S' 
be a topological isomorphism. With h as above let ms> be the measure on S' 
defined by 

m S '{dy) := /* (h m s ) (dy). (7.23) 

It follows from the discussion in sub-section 17.11 and the present sub-section 
that if we set X' t := f (X Tt ) = f (Y t ) and {P' x ,x S S'} the measures induced 
by {P x ,x G S}, then X' = (O, F t , X[, 6t, P' x ) is a Borel right process with 
continuous potential densities 

u s ,(x,y)=u(f-\x),r 1 (y)) (7.24) 

with respect to the measure /* (h ms) = ms' on S'. 

Set = f(ui(rt)) and let fi, p! be the loop measures for X,X' re- 

spectively. Combining Theorems 17.11 and 17.21 we obtain 

Corollary 7.1 

ftn(F) = tf(F), VF£I P (I'). (7.25) 

Remark 7.1 Let D,D' be two simply connected domains in the complex 
plane and let / be a conformal map from D onto D'. Let X be Brownian 
motion in D. Since the potential density for X with respect to Ad, Lebesgue 
measure on D, is not continuous, (it has a logarithmic singularity on the 
diagonal), X does not fit into the framework of this paper. Nevertheless, we 
argue by analogy. Let h{x) = \f'(x)\ 2 . Then X' is a Brownian motion in D', 
and /* (h\n){dy) = \£>'(dy). It follows formally that (|7.25p would yield [2Q| 
Proposition 5.27], the conformal invariance of Brownian loop measures. 
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We now turn to a general C AF as in (|7,14p , Our results are not as complete 
as (|7.20p , but see the Remark following the proof of Theorem 17.31 

For any B C 5 let Cb{X) be the c-algebra generated by the total local 
times {L^, x G B} of X, and let //' be the loop measure for X' . 

Theorem 7.3 

(F) = // (F) , VF G C Sa (X') . (7.26) 
Proof of Theorem I7.3t By Lemma 2.2 

• F) = Q*' X (F), VF G C S {X), x G 5. (7.27) 
Recall that L'^ = o g so that 

£ Sa (*')=^(*W (7.28) 

Consider F G £s A (X). Since G £s a (X) and > 0, a.s. for all x G 5a, 
by replacing F in (I7.27j) by F/A^ and then integrating with respect to dfjy(x) 
we can deduce immediately that 

fj,(F) = jf Q x > x (J^)v A (dx), VFg£ 5a (X). (7.29) 

Although 5a may not be locally compact, X' inherits from X all the 
properties needed to define // as in (j2.7fl . and it then follows as in (12.370 that 

//(F) = Q' x ' x Q f) ^a(x). (7.30) 

By (I7.18f) this shows that 

M '(F) = / Q x,a: (-?- F o 5 ) du A {x). (7.31) 

Noting that A^ = ( o g, (|T.29j) and (|7.28p then imply our Theorem. □ 



Remark 7.2 For xi, . . . , x n G 5 we define the multiple local time 



dLildL'.i* 1 ■■■dLf' .dhf dLf . 

0<si<...<S7i<i 
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that is, we measure n-tuples of times times in which visited in 

cyclic order. If n = 2 and x\ ^ X2, then L Xl ' X2 = L Xl L X2 , but in general 
j^xi,...,x„ j g no ^. a p roc j uc t Q f ^ ne corresponding local times. Let Ad{X) denote 
the cr-algebra generated by the multiple local times. When Supp (z/4) = S we 
can show that H77M holds for all F € M(X) = M(X'). When S is finite, it 
is known that M(X) = Z p {X), [15, p. 24]. 

We leave to the interested reader the task of combining Theorem 17.31 with 
spatial transformations as in Corollary 17.11 



8 An alternate derivation of Lemma 12.11 

We present a derivation of Lemma 12. II suggested by Symanzik, [27]. It follows 
as in the proof of (|2.32|) that for any a > 



P x e~ at LV dtL? (8.1) 



(poo k \ 

I e- at U.L Z t j d t L*\ 



= ^2 Ua ( X ' Z T(l)) Ua (^(l),^7r(2)) • • • « a (2 7r(fc _ 1) ,2; 7r ( fc) )u a (z 7r{fc) ,x). 

Consequently 

(poo k \ 

/ e~ at T\ L z t j d t L x t dm{x) (8.2) 
7o i=i j 

= 2 / Ua ( X ' Z 7r(l))« a (^7r(l)^7r(2)) ' ' ' U a (z^ k -!), Z v ( k ))u a (z^ k ), x) dm(x) . 
n£V k JS 

Using 

f d 

I u a (y , x)u a (x , z) dm(x) = — —u a (y , z) (8.3) 
Js da 

we see that the right hand side of (|8.2p 



= ~^2 n "(^(l)' ^(2)) • • • n °( 2; 7r(fc-l)^7r(fc))^ na ( 2; 7r(fc)^7r(l))- (8-4) 

The sum is over all all permutations of the 'labels' of the points zi, . . . , z k which 
in this expression appear in a circle. Hence, setting 7r(0) = k for n £ Vk-i, we 
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can rewrite (|8.4|) as 

k d 

~ Yl Y Ua ( Z kiMl))---^ ua ( Z n(j-l)^ Z 7r(j))---U a {z 7T{k _ 1) ,Z k ) (8.5) 
7re-P fc _iJ=l 

= ~ XI (u a (zk,z n ( 1) )---u a (z 7T(j _ 1) ,z 7r ( j) )---u a (z 7r ( k _ 1) ,z k )) . 
Note that 

lim u a {x,y) = 0. (8.6) 

To see this we can use (12.31) 



and 



u a {x,y) = u{x,y) — a J U a (x,dz)u(z,y) (8-7) 
= u(x,y)-aE x ^ e - at u(X t ,y) dt 
= u(x, y) - E x (J e- t u(X t/a ,y) dt 

Jim E x U°° e-*«(X t/a , y) dt) = u(x, y) (8.8) 



since for y fixed, u(z, y) is a bounded continuous function of z. Hence by what 
we have shown 



oc 



\ ^ cT> JS 



^2 / n Q (x,z 7r(1) )n Q (z 7r(1) ,z 7r(2 )) • • ■ u a {z^ k) ,x) dm{x)\ da 



^ u(z k ,z n{l) )---u{z n(yj _ 1) ,z n{j) )---u(z n{k _ l) ,z k ). (8.9) 



Thus by (E2 



roo I /• / /»oo k \ 

y I y px [ J e ~ at n L * j dtL 'j dm<y ^ [ d ° (8 ' io) 

= ^2 u(z k ,z 7T ( 1) )---u(z 7T ( j _ l) ,z 7T{j) )---u(z 7T{k _ 1) ,z k ), 

and Lemma |2 . 1 1 follows by applying Fubini's theorem to interchange the order 
of integration. 
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